An analytical framework for the numerical homogenization of monotone elliptic operators and quasiconvex energies by Gloria, Antoine
HAL Id: inria-00070230
https://hal.inria.fr/inria-00070230
Submitted on 19 May 2006
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.
An analytical framework for the numerical
homogenization of monotone elliptic operators and
quasiconvex energies
Antoine Gloria
To cite this version:
Antoine Gloria. An analytical framework for the numerical homogenization of monotone elliptic oper-
ators and quasiconvex energies. Multiscale Modeling and Simulation: A SIAM Interdisciplinary Jour-










   



















ap por t  
de  r ech er ch e 
Thème NUM
INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE
An analytical framework for the numerical
homogenization of monotone elliptic operators and
quasiconvex energies
Antoine Gloria
N° 5791 – version 2
version initiale Décembre, 2005 – version révisée Janvier, 2006
Unité de recherche INRIA Rocquencourt
Domaine de Voluceau, Rocquencourt, BP 105, 78153 Le Chesnay Cedex (France)


























ÀsÁkÂCÃaÄÅ  Æ$y¡ NPn{Qn{yRbcPgªJw _agn{c´
Γ Ç ~n{ck{R2fayRbc~R{+R2gx^_hgj~4nyxR2fw _hn{fbqikdw{]|gj~n{c\yR¹^g_`[yq¾WVHVÈV¥]h¼$½¶VÈz~nyfafaRb~	_anyfJk~2n{wyfa]hRW{fawygcgcP
∗ É@ÊË9Ì5Í»É9ÎpÏJÊÐ`Ñ	ÒÔÓÕ$Öa×DØÔÑ	Ù ÖÒÔÓÚÓ`Û´Ü^Ñ	Ù×LÛ´Ó¿×9ÉCÝ ÖÞÛDÛLß`Ó`ÛhÏ àmÓ¿×9á-Ö`âÓ`ÙbÞÓmãCÒäÖØÔÛDÓ$ÜPÖÛDÐhÖÒjÏ ÉCØ ×Lß$å$Ó`ÛLÐ|Öæ»×DÓ`ÛhÏ ç	çaèé	é
Ì!ÖæDÙÓ¿êëÒäÖaêìCÖÒÔÒÔß`ÓmÉCÓ`ÚÓ¿í5îJÏJï æLÖÙJÐ|Ó	ÏyÖÙÚÌ5Í»É@Ì5ð$É$ÏJÍ©Õ$Ë´Íëð-Ï Ë´Ñ2Ð|ñ2ÞÓ`ÙÐ`Ñ	Þæ©×hòÉCÑ	Ù×óÖÐ¿×|ô@ÖÙ×LÑ	ØÔÙJÓò õ	ÒÔÑ	æ»ØäÖö$ØÔÙæ»ØäÖJò ÷æ
† ø ÝØÔÛCæ»Ó`âbØÔÛLÓ`ÚUæDÓ`ùpÑ	æ©×Ð`Ñ	æ»æDÓ`Ð¿×DÛÛDÑ	ú+Óú+ØÔÛDÛD×LÖa×LÓ`ú+Ó`Ù2×DÛCÑ÷\×DÝÓ$ûæDÛ»×@âÓ|æ»ÛLØÔÑ	ÙWÖÙÚqÓ¿íb×DÓ`ÙÚÛ@×DÝÓÙ2Þú+Ó`æDØÔÐ|ÖÒ{ÖÙ ÖÒ üJÛDØÔÛ
  	§69&
 #*    65
 ('¨  $ 8 ' 7+6"!0  5
+'%6
+01
 8 '+6 %!
+6 
 7+6  $*2+6 8 '%6:;§+6
   ¡ WRcnyQfhRbd]|RJ]+Q(e_aNPn^}^Rb]Unyck_Ue_aexPfanyxn{]he2RJ]q~RJ]q}^R2facPgO2faRb]qwycPcPebRb]qxnydfUNPn{Qn{ye Çce2gj]|Rbfc\dPQ(e2fagikdPRbQRbck_)}^Rb]nyxe2fw _aR2dPf]5R2gx^_agikdPRJ]gcebwpgfaRb]!n{dÈcPnycÈgcebwpgfaRb]b¯st-RJ]Q(e_aNPn^}^Rb]
]hnyck_U]hnydP{R2ck_q}^e±zcPgRJ]Uwydcg{Rbwpds}^gj]a~faR_b¯
	9w(xPdPxwyf|_U} Rbc{_afhR!RbRb]U~nycz]|gj]`_aR§~2wy~2dPRbfqc\dPQ(e2fag ÇikdPRbQ(R2ck_dPc(cPnydP{R2\nyxe2fw _aR2dPfJpikdPgwyxPxPfan¹\gQ(Ry Rbc)dPc§]hR2c]xPfaeb~2g]hR2fJ  nyxe2fw _aR2dPfNnyQ(ny{e2cPebg]he
}Pd%xPfanyObQR{¯	 ny^o`RJ~	_ag¸£}^R!~R5_hfw wpgCRb]|_+}PR~jwpfag¸±Rbfw(~n{c]|_hfad~	_agn{c%}^R~2R_+nyxe2fw _aR2dPfc\dPQ(e Çfagji{dRU}Pwpcz]¶RW~bwy]¶~2nyc\yR2¹^R+R2cgck_hfan\}PdPg]awpck_dPcPRU{R2f]|gnyc§~2nyck_hgc\dPRW}^RW nyxe2fw _aR2dPfJ{}PRUyebcPe2fwpgj]|Rbf
 wpxPxPfan^~NPRwpdH~bwy]Wi{dzwy]hg~2nyc\yR2¹\R5R2_W} R2cs£»wygfaR wycwp[^]|R{¯qt-RcPnydP{R2nyxe2fw _hRbdPfqxR2d^_5wpnyf]_afhR
}Pg]a~fae_ag]heW}^R}^gebfhRbc{_aRb]-£»w2nyc]bkfhR2_hfanydP wpck_-wygcz]|g@}^gebfhRbck_hRb]-Q(e_aNPn^}^Rb]~n{Q(QRWRJ]e2e2Q(R2ck_a]¶± Çcg]Q)dP_hgeb~NPRbRb]n{d(w5Q(e_aNPn^}^RU¾WVHVÈ¯y½¶c§nyd^_afhR{pcPnydz]gck_afhn^}^dPgj]hnyc]dPc~2nyfafhRJ~	_aR2dPfc\dPQ(e2fagji{dR
}wpc]R~2w{]~2nyc\yR2¹^RW{e2cPebfawyD¯
Å J Ã    §¡ NPn{Q(nyyebcPe2gj]aw _hgnyc9

























½¶dPRbf Ç 	9wyyfwpcP{RmRbikdwp_hgnyc(wpc}wpn µq]´_an!d]|R+wWQ(nyfaR}PgfaRb~_wyxPxPfan{w{~N1¬©R{¯ z¯ G Ç ~nyc\{R2fayR2cz~RJ®nydPfwyfh{dPQ(R2ck_a]wpfaRwy]hRb}1nyc1 wyfhgjw _agn{cwpCxPfagcz~gxPRJ]2¯Vsnk]`_np£_hNPR5R2¹\gj]|_hgcP)µnyfa·^]W¬D]|RbR5Ry¯ ¯76 8L96b8L









gc1Y\RJ~	_hgnycs{¯ / _an}^RJwpPµ+g_hNcnyc~2nyc\yR2¹R2cPRbfh{[}^Rbc]|g_hgRb]b¯UR2±cPg_hgnycsJ!wpc}§MNPRbnyfaR2Q / wpfaR_hNPR
czw _hdfawy~n{dPck_hRbfhxwyf|_]qny£¶UR2±cPg_hgnyc / wpc}¥MNPR2n{fhRbQ £©nyf5i{dzwy]hg~2nyc\yR2¹%R2cR2fay[¨}^R2c]hg_hgRb]b¯MNPR
xfhn\np£$np£MNPR2n{fhRbQ 5g]qw{}PwpxP_hRb}1_hn_aNPRikdwy]hg~2nyc\yR2¹~2wy]hR5gcHY\RJ~	_agn{c¨P¯ / ¯
¼$gcwp[{Y\RJ~	_agn{c / faR2jw _aRb]_aNPR!xPfaRb]hR2ck_qµnyfa·§_hn]hnyQ(R!µR2 Ç ·\cPn µ+c%c\dPQ(Rbfhgj~2wy´Q(R_hNn\}]q]|dz~Nw{]-_hNPR!VH]a¼$½¶V&wpc}1_hNPR!¾WVHV _hn(µ+NPgj~N1_aNPR5xPfhRJ]|Rbck_wycwp[^]|gj]wpxPxPgRb]np_hNgc1_aNPR~n{ck{R¹wpcz}
ikdw{]|gj~n{c\yR¹]hR_h_hgcP{]b¯
=¦Rwy]a]hdPQ(R5_hNPR!faRbw{}^R2f+gj]£»wpQ(ggjwpfUµ+g¸_aN¨_hNPR!w{]|gj~5xPfanyxR2fh_hgRb]ny£$_aNPR
Γ Ç ~n{c\yR2fayRbc~RW_hNR2nyfa[y¯Y^NPnydPj}(_aNPRUcPRbRb}wyfhgj]hRy 6Ô>8CxPfan kgj}^RJ]mµ+g_hN1w!{n\n\}(gck_hfan^}^d~	_agn{c1wpcz}?6 8{g{Rb]mwQn{fhRW]|[^]|_hR2Q§wp_hgj~
]|_hdz}^[ny£W_aNPRH]|d^o`Rb~_b¯ ¼nyf~n{c]hg]|_hRbc~[{-R_d]fhRJ~2wpq]hnyQ(RscPnp_w _agn{cºwyc}ºxPfhn{xzRbf|_agRJ](np£_hNPR














@Á)ACBCD  D»Å%BFEHG "	
Fε : W
1,p(Rn) → R I J'K
LMNO!%"	.
&P"QSRTUP"V	W$&	 Fε Γ(Lp) X Y.()PVZ[P\9Q







    #

Z[




















 ]Y;"# P"" 	cT"Y;"#














Fε(ūε) ≤ F (u).
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∃ c > 0, ∀v ∈ W 1,p(Ω), ∀ε > 0, c||∇v||pLp(Ω) ≤ Fε(v)
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= inf{F (v + u0), v ∈ W
1,p
0 (Ω)}
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ξ ∈ Rn 
W (·, ξ)
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gP#	 0 < c ≤ C a p ≥ 1 P 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u ∈ W 1,p(Ω, R)
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u ∈ W 1,p(Ω, R)
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ξ1, ξ2 ∈ R
n








ξ1, ξ2 ∈ R
n
(aε(x, ξ1) − aε(x, ξ2), ξ1 − ξ2) ≥ c(1 + |ξ1| + |ξ2|)
p−β |ξ1 − ξ2|
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φ + W 1,p0 (Ω)
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u ∈ W 1,p(Ω)
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Wε(x,∇v) | v ∈ W
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∇vH,iη,ε 1QH,i ||Lp(Ω) = 0.
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η > 0  C(x, η) 
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Wη,ε(x, ξ) = inf
{
< Wε(·, ξ + ∇v(·)) >C(x,η) | v ∈ W
1,p
# (C(x, η), R
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u ∈ W 1,p(Ω, Rd).
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inf{IHη,ε(v) | v ∈ W








inf{Ihom(v) | v ∈ W
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inf{IHη,ε(v) | v ∈ W
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 Q   G 	 X = Rn  BR = B(x0, R)  x0 ∈ X a R > 0  aO,"	
F : BR → R I T ~2nyc\yR2¹ !%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%Q *>\\ ;P"T	W$&	 supx∈BR F (x) = M < +∞
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infx∈BR F (x) = m > −∞
Q G 	
0 < r < R
%a
K = (M − m)/(R − r)
Q 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|F (x) − F (y)| ≤ K||x − y||
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x  y 
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Wε(y,∇v) | v ∈ W





Whom(y,∇v) | v ∈ W








ω = B(x, η)faRbw{}P]
lim
ε→0





Wη,hom(x, ξ) = inf
{
< Whom(·,∇v(·)) >B(x,η) |
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 ¯m¼nyfqwpQ(n{]|_+R2yRbfh[ x ∈ Ω wpc}1£©nyfqwy ξ ∈ Rn 
Wη,ε(x, ξ) = inf
{
< Wε(·, ξ + ∇v(·)) >B(x,η) | < ∇v >= 0
}
≤ < Wε(·, ξ) >B(x,η)










< Wε(·, ξ + ∇v(·)) >B(x,η) | < ∇v >B(x,η)= 0
} Cµ-R!_aNPR2c
NzwyR









































< Wε(·, λ(ξ + ∇v1(·)) + (1 − λ)(ζ + ∇v2(·))) >B(x,η)
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< Wε(·, λ(ξ + ∇ṽ1(·)) + (1 − λ)(ζ + ∇ṽ2(·))) >B(x,η)
≤ λWη,ε(x, ξ) + (1 − λ)Wη,ε(x, ζ)
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W 1,p(Ω)
¯mMN\d] 	9R2Q(Q§w':]hNPn µq]-_hNzw _
Iη,ε Γ(W


































B ⊂ W 1,p(Ω)
gc(_hNPRq]hR2cz]|R
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(B, || · ||1,p)
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Wη,hom(x, ξ) = inf
{
< Whom(·,∇v(·)) >B(x,η) | v ∈ W





Whom(x + ηy,∇v(y)), v ∈ W
1,p(B(0, 1)),









y ∈ B(0, 1)wyc}
ξ ∈ Rn
¯	´RbQ(Q(w§)gQxgRb]_aNw _+_aNPR!R2cR2fay[}^Rbc]|g_hgRb]
W̃ ηx (·, ·)
wpc}
Whom(x, ·)
]aw _ag]|£©[  
 wyc} 
 ¯Hr¿cw{}P}^g_hgnyc´$£©nyfwp ξ ∈ Rn RbyR2fa[ 	´R2Rb]hydRxzn{gck_ x ∈ Ω ¬»wpcz}²~n{c]|RJikdPR2ck_h[wyQ(nk]`_+R2{R2fa[\µ+NPR2faRUn{c
Ω
®-ny£
Whom(·, ξ) ∈ L1(Ω, R)
wyc}wpQnk]`_+RbyR2fa[




Whom(x + ηy, ξ) = Whom(x, ξ).
=¦RcPn µ¢wpxxP[ 	´RbQQ§w41_anHnyP_awpgc¦_hNPR


















   wpc} 
 ¯ <[)_hNPRwpxPxPgj~2w _agn{c(np£ 	´RbQ(Q(w\{_hNPRWxzn{gck_`µ+gj]|RU~2nyc\yRbfh{R2c~2R!¬D{y®gQxgRb]¶_hNPR





















	  0% ( ( 10% 	
MNRqxPfankny£ny£9MNPR2n{fhRbQ / R2¹^w{~	_a[)£©nyn µq]_hNPRWgcPRb]¶np£C_hNRqxPfankny£@np£´MNPR2n{fhRbQ {¯ =¦RUgc}^RbRb}(Nw{R
%Á ²^  E%E $ T%"dP#
   G "K T
gP!%$&)()a 





n I 	W$&O$d\ 	W$&P#
gPT  " ;P#
*Y;
i




r¿c~2nyck_hfwy]|_!_hnH_hNPR%xPfhn\ny£ny£UMNPR2n{fhRbQ y$_aNPR1N\[\xzny_hNPRJ]|RJ]!np£ 	9R2Q(Q§w _w¥¨wpc}M:swpfaRQ(nyfaR




















ai	_#P 	W$& " ;P#
*Y;
 " Y,\F 
f
Q $&"?`L
Ω\&" I !%aia`P# I P"	  Rn aKUL u ∈ W 1,p(Ω, Rd)  	L$ `
i















-Á  ² E%E  	  G "	 p > 1 %aU;PP#!e	W$&	 ∂Ω 
gP G 
 \*P"$d
L	W+-Q G 	 uk ⇀ v0 
L W 1,p(Ω, Rd) Q$  	L$ T























L 	_[( I ,  	W$&	
gP UL ρ > 0  	W$&" 
i












Ln({x ∈ Ω : vl(x) 6= ukl(x)
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Wη,hom(x, ξ) = inf
{
< Whom(y, ξ + ∇v) >C(x,η) | v ∈ W
1,p




















QWη,ε(x, ξ) = QWη,hom(x, ξ)
¬Dy{®
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ËÙjéçk>l
























































ξ1, ξ2 ∈ Rn×d





t-n{c\yR¹¦£©dPc~_hgnyc](]hd~N²_aNw _s¬`y®NPnyj}P]]hwp_hgj]`£©[ÈgcPRJi{dzwpg¸_`[.¬ / {®d]|gcP 	´RbQQ§w4P¯Èró_§~2wpc­zR
xfhn {Rb}£©nyffwpcP· Ç nycPR~n{ck{R¹£©dPc~_hgnyc]!¬Dwpc}_hN\d]-£©nyf+ikdwy]hgj~nyc\{R¹£©dPc~	_agn{c]®¶\[§gck_hfan\}Pd~gcP)w}PRb~n{Q(xznk]|g_hgnycnp£
ξ1 − ξ2
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Q(gcPgQgª2Rbfa]bpwpcz}_aNPR+]`_afhn{cPW~2nyc\yRbfh{R2c~2Rmnp£z]hRbikdPRbc~RJ]$np£zRJikdPg\g]hnyjw _aRb}Q(gcPgQgª2Rbfa]$g£_aNPR2[R2¹^g]|_b¯






















inf{IHη,ε(v), v ∈ W













(VH , || · ||1,p)
¯MNPR¥~2nyck_hgc\dPg¸_`[ºnp£5_aNPR¥RbcPR2fay[ ¬©g_%gj]n\~bwp[ 	´gx]a~NPg_hªJ®
_aNPR2c wyn µq]_hn.xzwy]a]_hn._aNPR²gQ(g_4wpc} xPfan yRJ]%_hNPR²R2¹^g]|_hRbc~RÈny£Q(gcPgQ(gª2Rbfa]
uHη,ε ∈ VH
ny£
inf{IHη,ε(v), v ∈ W
1,p(Ω, Rd) + BC}





inf{IHη,ε(v), v ∈ W
1,p(Ω, Rd) + BC} = inf{IHhom(v), v ∈ W




inf{IHη,ε(v), v ∈ W

















































































inf{IHhom(v), v ∈ W
1,p(Ω, Rd) + BC}
¯¼Pn{f¶wp







































inf{IHη,ε(v), v ∈ W
1,p(Ω, Rd) + BC}
_hn1]hnyQ(RQ(gcPgQgª2Rbf
uHhom ∈ VHny£
inf{IHhom(v), v ∈ W











uhom ∈ W 1,p(Ω)
¯J=¦R1cn µ xPfan yR(_aNw _
uhom
gj])wHQgcPgQ(gªbR2fny£
inf{Ihom(v), v ∈ W




























vH ∈ VH + BC
]|d~N
_aNw _
Ihom(v) ≥ Ihom(vH) − ρ ≥ Ihom(u
H
















wyc})g¸_]RbikdPg^n^~2wp 	´gx]h~Ng¸_aªxfhn{xzRbf|_`[wyn µ²_an!d]|R	9R2Q(Q§w :
wyc}H]hNPn µ _hNPR
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Q(gcPgQgª2Rbf
















inf{IHhom(v), v ∈ W










inf{IHhom(v), v ∈ W










inf{IHhom(v), v ∈ W


















inf{IHhom(v), v ∈ W









||uHhom − uhom||1,p ≤ ||PH (v
H
hom − uhom)||1,p +
||PH(uhom) − uhom||1,p.
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(Wε(x,∇u) − fu) |u ∈ W
1,p(Ω) + BC




(Whom(x,∇u) − fu) |u ∈ W
1,p(Ω) + BC




(Wη,ε(x,∇u) − fu) |u ∈ W
1,p(Ω) + BC
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|Wε(x,∇u
H,i
hom + χH,i(ε)) − Wε(x,∇u
H,i
hom)|
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≤ C|QH,i||χH,i(ε)|(1 + | < ∇uhom >QH,i |
p−1




















Whom(x,∇u) | < ∇u >QH,i=< ∇uhom >QH,i
}
.
MNPR~2nyQ)Pgczw _hgnycnp£¬© / ®	´¬»y\®wpc}¦¬©\y®¶_hNPRbcs]|NPn µq]




































































































































|W̄ H(x, ξ1) − W̄













































< ∇uε >QH,i=< ∇uhom >QH,i +χH,i(ε)
wpc}
<














φH,i(ε, η) = 0
¯-t-nyc]hRbikdPRbc{_a[{PwpfaydPgcP(wy]£©n{f¬©\y®	^µR!ny^_wpgc 
Bε,H,ηi ≤ C|QH,i|(|χH,i(ε)| + |φH,i(ε, η)|) · (1 + | < ∇vη,ε >QH,i |
p−1
+| < ∇uε >QH,i |
p−1 + |χH,i(ε)|










Bε,H,ηi ≤ C|QH,i|| < ∇vη,hom >QH,i − < ∇uhom >QH,i |
·(1 + | < ∇vη,hom >QH,i |




































































































































































< Wε(·,∇v(·)) >B(x,η) |
v ∈ W 1,p(B(x, η)), < ∇v >B(x,η)= ∇u(x)
}
dx
gck_hfan^}^d~RJ} gc WR±cg¸_agn{c / ¯ MNPgj]%R2¹^xPwygcz]%µ+N\[«_aNPR¥_`µnºQR2_hNPn^}P]{g{R4]hgQ(gwyffaRb]hdP_a]¨wy]
gd]|_hfw _aRb}%nyc¨]|n{Q(RR2¹PwpQ(xPRb]gcV6J;8L¯
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]|_hfaRb]a] Ç ]|_hfwpgcfaR2jw _hgnyc σ(x) = A(x) · ∇u(x) np£$_hNR!Q(wp_hRbfhgjwp@~2wyc1_aNPR2csR!wpxPxfhn¹^gQ(wp_hRJ}\[_aNPRw{R2fwp{Rb}faRb]hxnyc]hR































Wη,ε(x,∇u) − fu |u ∈ W
1,p(Ω) + BC
} ¬Dy{®













Wη,ε(xij ,∇uH(xij)) − f(xij)uH(xij )
)
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Wη,ε(x, ξ)
\[
W hη,ε(x, ξ) = inf
{






















































η,H ||W 1,p(Ω) ≤ ||uhom − u
ε
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Wη,ε
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W MsFEMH,ε (x, ξ) =
∑
i


























||u − PH(u)||1,p = 0
wpc}
||PH(u)||1,p ≤ C||u||1,p.MNPR5]awpQ(RWwyfh{dPQ(R2ck_a]wy]¶£©nyf-_hNPR5xPfan\np£´ny£MNPR2n{fhRbQ / ]hNPn µ«_hNwp_-_aNPRW£»wpQ(g[§np£R2cPRbfh{[)£©dc~ Ç
_agn{cwpj]
IMsFEMH,ε : u 7→
∫
Ω











































































































































W MsFEMH,ε (x,∇PH (u)) − fPH(u) |u ∈ W
1,p(Ω) + BC
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lim
H→0




IMsFEMH,hom (uH,hom) − Ĩ(uhom) = I
MsFEM
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{v ∈ W 1,p(Ω) | < ∇v >Ω= ξ}
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u ∈ W 1,p(ω)
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LN ({|∇u| ≥ R}) < δ
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K = C((R + 1)p + 1)
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|W̃ε(x, ξi) − W̃ (x, ξi)| ≤ θ
£©n{fqR2{R2fa[
x ∈ ω \ A
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|W̃ε(x, ξ) − W̃ (x, ξ)| < 3θ
¬Lp{®
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B = A ∪ {|∇u| ≥ R}
^R_


















c = 3LN (ω)
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W̃ (x,∇u)dx ≤ G(u) + 2c1θ ≤
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Qfε(x, ξ) ≥ Qf(x, ξ).
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fε(x, ξ + ∇u(y))dy
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f(x, ξ + ∇u(y))dy.
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LN ({x ∈ ω : ∇χk(x) 6= ∇φ
επ(k)
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|fε(x, ξi) − f(x, ξi)| ≤ θ
£©n{fqR2{R2fa[
x ∈ ω \ A
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|fε(x, ξ) − f(x, ξ)| < 3θ
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|fε(x,∇χk) − f(x,∇χk)| ≤ (3L
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≤ C|ξ2 − ξ1|(1 + |ξ1|
p−1 + |ξ2 − ξ1|
p−1)


















a(x,∇u) · (∇v −∇u) ≥ 0















g : [0, 1] → R, t 7→ g(t) =
∫
Ω















a(x,∇u) · (∇v −∇u)




















(a(x, ξ1) − a(x, ξ2)) · (ξ1 − ξ2) ≥ c|ξ1 − ξ2|
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